International Research Journal ISSN-0975-3486

VOL.I*ISSUE—5 RNI: RAJBIL/2009/30097

Research Paper—Mathematics

Some Conver Gence Resulats for Fixed Points
of Asymptotically Demicontractive Mappings
in Some Banach Spaces

/77 \&* Anil Rajput ** S.K. Malhotra
#%% Pradeep Kumar

* Department of Mathematics, Sadhu Vaswani College, Bairagarh, Bhopal.
** Department of Mathematics, Govt.S.G.S.P.G.College, Ganjbasoda.

ABSTRACT

In this paper we establish some convergence results for the improved iteration methods introduced by
Owojori and Imoru [7] to fixed points of asymptotically demi-contractive mappings. Our results in this
paper are extension of Olusegun O.Owojori [8] and also generalization of Ishikawa [4], Deng and Ding
[3], Chidume [1], Chidume and Osilike [2], Owojori and Imoru [6], Qihou [9], Liu [5], and Xu [10] from
the Mann and Ishikawa iteration methods to more general iteration method and from Lipschitz
pseudocontractive mapping to more general continuous demi-contractive mapping.

Introduction: Xu [10], introduced suitable Mann
and Ishikawa iteration scheme with errors for
approximation of fixed points and solutions of
nonlinear mappings in Banach spaces. Owojori and
Imoru [6] introduced a three step iteration scheme and
obtained some convergence results to the fixed points
of continuous asymptotically demi-contractive
mapping in Hilbert spaces. Owojori and Imoru [7]
introduced and improved three step iteration method
which contains the one introduced earlier by the
authors in [6] as well as the Mann and Ishikawa iteration
methods as special cases. It is defined for arbitrary
x,€K a closed bounded convex subset of a Banach

space B, by
X =a X +b T'x +c S"x n=1
n+l n’n n n n n
y,=a'x +b'S'z+c'v.  n=1

z=a'"x +b"T'x +c"w n=1 (LD

Two special cases of (1.1) are given respectively
by

X ., =ax+bTy+c T'x n=1

y,=a'x +b'T'z+c'v n=1

z=a"x +b"T'x +c"w n=1 ..(1.2)

and

x =ax+b Ty +cu n=1
n+1 nn n n n o n

y=a'x +b'T'z +c'v n=1
n n n n n n n

z =a"x +b"T'x +c"w n=1 ...(1.3)

were S, T are nonlinear uniformly continuous self
mapping of K satisfying some contractive definitions
and {u_},{v },{w, } are bounded sequence in K. Also
{a,}{a} {a,"}. (b}, (b, 1{b, (e, 1. (e, ] {c,"} are
real sequence in [0,1] satisfying:

(i)a +b +c =a'+b'+c'=a"+b"+c"=
1) b, =co.

Let H be a Hilbert space and let K be nonempty
subset of H. A mapping T : K—Kis said to be k-strictly
asymptotically pseudo-contractive if there exists a
sequence {k } with lim r—=k =1 such that:

ITx=TyIP< k *lIx—yIP+k I(I-T")x—(I-T"
)ylP? ...(1.4) for some k € [0,1) and for all x,y € K and
ne N. T:K—Kis said to be T is asymptotically demi-
contractive if, F(T)={x e K:Tx=x}#0 and there
exists a sequence {k } with limns~k =1 such that: I'T"
x=x*IP< k?* lIx— x*IP+klx —-T x IP
...(1.5) from somek € [0,1) and for all x e K, x*e F{T}
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and n € N. Our purpose in this paper is to establish the
convergence of the iteration methods (1.3),(1.2) and
(1.1) to the fixed points and common fixed points of
the asymptotically demi-contractive mapping in
arbitrary Hilbert spaces. Our purpose in this paper
generalize the results of Olusegun O. Owojori [8].

Main Results: Lemma 2.1: Let B be a uniformly
smooth Banach space with modulus of smoothness of
power type the following inequality lIAx + (1 —A)y —z
9 <[1=Ag-D]lly-zld +Aclix =z lld —A[1 —A%c]lIx
—y ll9...(2.1) holds where c is a positive constant.

Remark: It is known that for a Hilbert space(which
is a special Banach space) q =2 and ¢ = 1.Therefore in
a Hilbert space H say (2.1) reduces to lIAx + (1 =)y —
zIP<[1=Allly=zI? + AlIx=zI? =A[1 =ATlIx =y I
...(2.2)forall x,y,ze Hand A € [0, ]Lemma2.2: Let
{0, } be a nonnegative sequence of real number
satisfying¢  <(1-6n}¢ +0, ...(23)

where 8n € [0, 1], L.8i =0, and 6, =0(dn ). Then
lim n-- ¢_= 1.0ur results is the following.

Theorem 2.3: Let B be an arbitrary Hilbert space
and K be a nonempty closed bounded and convex
subset of B. Suppose T is a continuous asymptotically
demi-contractive self mapping of K. Define sequence
{x, } iteratively for arbitrary x, € K by:

X =ax+b Ty +c u n=1
n+1 nn n n n o n
y=a'x +b'T'z +c'v n=1
n n n n n n n
z=a"Xx+b"T'x +c"w n=1
n n n n n n n

where {u },{v }and {w_} are bounded sequence
inKand {a }.{a,}.{a,"}.{b,}. {b/1.{b"}{c,}. (¢, }.{c,")
are real sequence in [0, 1] satisfying:

()a +b +c =a'+Db'+c'=a"+b"+c"=1
(QLb,'=03)limnseb =limnseb ' =limnseb "=
0@ o :=b +c ,B:=b'+c', v:=b"+c"(G)L
o, B, v, =co Then the sequence {x } convergence
strongly to the fixed point of T.

Proof: Since T is asymptotically demi-contractive
then F(T) the fixed point set of T is nonempty. Let x*e
F(T). From the hypothesis we have, lIx_ —x*I’=lla x_
+b Ty +c u —x*IP=lI(1-0 ) (x —x¥)+o (T"y
—x*)—c (T"y —u ) 12 < —ao ) I(x —x*)—c (T"y,
—u ) I? + o I(Ty, —x*)—c (Ty,—u ) ll-o (1-o
) I(T"y —x*) = (x, —x*) I*Since o (1 -0 )=0,then
wehave lx  —x*IP<(1-o )l (x —x¥)—c (T"y -
u)IP+o II(T'y, —x*)—c (T"y —u ) I*Expanding

further and observing that lla—bll* < llall>+ IIbll>, where
a, b are real numbers we obtain IIx  — x¥P< (1 - o)l
lIx —x*P+c Ty —u IP] +o [IT"y —x*IP+c >l
Ty —u IP] —=2¢ (T"y —u_,j(T"y —x*))

lix  —x*IP<(1—o)[lIx —x*IP+c 2Ty —u IP]
+o [ITy —x*IP+c* IT"y —u IP] <(1-o )llx —x*I?
+o 1Ty —=x*IP+c > ITy —u I*...(2.4)

Since T is asymptotically demi-contractive then

1Ty —x*¥IP< k 2 lly —x*IP +klly =Ty I
...(2.5) we have the following estimates: lly —x*II> =I|
a'x +b'T'z +c'v —x*IP =II(1-B)(x —x*)+B
(T'z, —x*)—c’(T'z —v ) I <(A-P)I(x —x*)—c
(Trz —v )P+ B II(Tz —x*)—c '(T'z —v ) IP-B
(1-B) Tz —x*)—(x —x*)IP

Observe that B (1-f ) =0 therefore Ily —x*I’
<A-B)[x —x*IF +B 2Tz —v IP] +B [IT"z —x*IP
+B 2Tz —v IP] =(1-B )lIx —x*IF +B Tz —x*
P+B2NITz —v_IP ...(2.6)

T is asymptotically demi-contractive therefore

Tz —x*IIP< k * llz —x*IP +kllz =Tz I
...(2.7) Substituting (2.7) into (2.6) yields lly — x*P <
=B Ix —x*IP +B k > liz —x*IF + B >1T"z —v >+
B kllz Tz I...(2.8)

Substituting (2.8) into (2.5)

Iy —x*IP<k [(1-B)lIx —x*I* +B k iz,
=x*P + B 21Tz —v IP+B kllz =Tz I*]+kly —T"
y IP...2.9)

Further estimates gives the following llz —x*II> =
la"x +b" T'x +c"w —x*IP =lI(1-7)(x —x*)+
Y (T x —x¥)—c " (T"x —w )IP < (1-7)I(x —x*)
—c"(T'x —w )P+ v II(T°x —x*)—c " (T"x —w_
YIPSA =) lIx —x*IP+y IT'x —x* P+ v> (17,
MITx —w IP+y2y ITx —w_IP < (1-7)IlIx —x*
IP+y IT"x —x* P+ y2ITx —w_ 1> ...(2.10)

By continuity of T and bounded ness on K there
exists a real numbers M, < eo such that:

IT"x —x*IP< M, and IT"x —w_IP< M, .
Observe thatc " <7, and y><vy, foralln. Then (2.10)
reduces to llz —x*IP<(1—1v ) lIx —x*I>+2y M,
...211)

We now substitute (2.11) into (2.9) to get IIT"y _—
xX*IP<k 2[(1-B)IIx —x*IP+B k *{(1-7)Ilx —x*
IP+2y M} +B > IT"z —v IP+B kllz —T"z IP]+klly_
=Ty IP<k *[(1-B +PB k *—B k 7y )lIx —x*IP+
2B k 2y M +B 21Tz —v IP+P kllz -T'z IP]+k

=T TarfeaTaE gos saSs=3asT=T
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ly =Ty IP...(2.12)

By continuity of T on the bounded set K there
exists areal number M, <o such that: Iz ~T"z I < M,
, lly =Ty I? <M, and IT"z —v I’< M, Therefore
(2.12)reducesto IIT"y —x*IP<k *[(1-B +B k *—
B,k >y )lx —x*IP+2B k >y M, +B>M, +B kM,
1+kM, <k *(1-B +B k =P k >y )Ilx —x*IP+2B
k “y M+B 2k *M,+B k kM, + kM, <k *(1-

+B k 2—B k *y)lx —x*IP+2B k “y M, + (B k
’+B, k *k+k)M,...(2.13) substitute (2.13) into (2.4)
we have

Ix , —x*IP<(1-o ) Ix —x*IP+ o [k *(1-B +B k.
=Bk >y )lx —x*IP +2B k *y M +(B*k *+B
k k+k)M,]+c*IIT"y —u IP<[l-0 +o k > -0
B.k *(1—-k *+k *y)]lIx —x*I* +20 B v k ‘M, +
o Bk >+ B k ’k+k)M, + c?lTy —u I
..(2.14) Continuity of T on K also implies that there
ex1sts real number M, < oo such that:

Iy —u I <M Let M, = max[M M, M,].
Therefore from (2.14) and the fact thatc > < Oc < Oc we
have lIx  —x*IP<[1-o +0 k > —o B“k“ *(1-k,
4k YTk —x*IP +[20 B v k *+o (B2k 2+ B
kk+k)+o JM, ...(2.15)

Nowput ¢ =lx —x*I" .§ =a +0 k *—o, B k
*(1-k *+k *y)and 6 =[20 B v k “+0a Bk *
+B k’k+k)+o |M

Then (2.15) becomes; ¢  <(1-8 )¢ +0 , n=
1. Clearly, 6, =0(3 ), .8 =ccand 0< § <1.Hence
0= as n—>oo. This implies that {x_} converges
strongly to x*. This completes the proof.

Theorem 2.4: Let K be a closed bounded convex
nonempty subset of a Hilbert space H. Let T be a
completely continuous asymptotically demi-
contractive self mapping of K. Define a sequence {x }
iteratively for arbitrary x € Kby:

x =ax +b Ty+cT'x n=1
n+l nn n n n n

y,=a'x +b'T'z +c'v. n=1

z=a"X +b"T'x +c"w n=1

n n n n n n n

where {v_} and {w } are bounded sequence in K
and {a,}.{a,'}.{a,"}.{b, }. {b, }.{b,"}.{c,}. (e, }{c, "} are
real sequence in [0,1] satisfying the following condition:

(Da +b +c =a'+b'+c'=a"+b"+c"=1
(QLb =co(3)limnsb =limnseb " =limnseb "=0
@a =b +c B =b'+c', v =b"+c"(G)Lo
B, Y,= oo Then the sequence {x } converges strongly

to the fixed point of T.

Proof: T is asymptotically demi-contractive implies
that F(T) the fixed point set of T is nonempty. Let x*
€ F(T). Then from our hypothesis we have the following
estimates:

Ix  —x*IP=lla x +b T"y +c T"x —x*IP=I(1
- ) (x —x)+a (Ty —x*)—c (Ty -T"x )IP<
(I-a)l(x —x*¥)—c (Ty =T'x )I* +o lI(T"y —
x¥)—c (Thy =T'x ) IP —a (1-a ) I(T"y —x*)—
(x,—x*) I? Expanding further and observing that o (1
—o )=0,wehave lIx  —x*IP<(1-o)[llx —x*I”+
c Ty =Tox IP] +o [Ty —x*IP+c*IT"y —T"
x IP] <@ —a)lx —x*IP+ao 1Ty —x*IP+c*IT"
y,—T"x_II* Since T is asymptotically demi-contractive
and ¢ *<o <o wehave lix  —x*IP<(1-o )lix —
x¥IP+o k2lly —x*IP+o klly =Ty I +o IT"y,
=Tx I ...(2.16)

T is completely continuous on the bounded set K
implies that there exists a real number M, < oo such
that: IT"y —T"x_I> <M, and lly —T"y IP<M,.
Substituting into (2.16) yields lIx_  —x* P<(1- o) lIx
—-x*IP+o klly —x*IP+o kM, +o M, ...(2.17)

From our hypothesis we also have the following

lly —x*I> =lla'x +b'T'z +c'v —x*I* =lI(1
—B)(x—x*)+B(T“z—x*)—c (T“ -v )P
SA-BHx —x¥)—c'(Tz—v)IF + B ||(T"Z“—X*)
—c'(T'z —v )IP =B (1-B ) II(T"z —x*)—(x —x*
YIP<A-B) [lx —x*IP +B 2Tz —v P+ [IT"z,
=x*IP+B 2Tz —v IP] =(1-B ) lIx —x*IF +f IT"
z —x*IP+B 21Tz —v 1P <(1-B )lIx —x*I* + k *
lz —x*IP+ B kllz =Tz IP +B>ITz—v I
...(2.18)

Continuity of T on K implies that there exists a
real number M < oo such that: llz — Tz IP<M, and
IT"z —v,_IP<M,. Then (2.18) reduces to: lly —x*II* <
=B lx, =x*IP +B k*llz —x*IP+ B kM, +f *M,
...(2.19)

By similar estimates we have lliz —x*II> <(1-7,)
lIx —x*I +y k 2lIx —x*IP+y KM_+7>M....(2.20)

for some real number M. < eo. Substituting (2.20)
into (2.19) yields: lly —x*I? <(1-B )lix —x*IF +f k *
[(A=y)lIx —x*IP +y k21X —x*IP+y kKM_+7>M.]
+B, KM+ B M <[(1-B)+B, k> (1=7)+ By, k'
Tx, —x* 1P +B (v k>k+ y’k>+k+B )M,
..-(2.21) where M, = max [M;, M ] substitute (2.21) into

160 m

RESEARCH ANALYSIS AND EVALUATION



International Research Journal ISSN-0975-3486

VOL.I*ISSUE—5 RNI: RAJBIL/2009/30097

(2.17)weobtain lIx  —x*IP< (1-a )lx —x*I* +ao
k2[{(1-B)+B k>(A-y)+By k*}IIx —x*IP+B
(v, k> k+ v k>+k+B )M+ o kM, +0o M< (1
—o ) lx —x*IP+o k2 {(1-B)+B k>(1-7)+B Y
kA Hix —x*IP+ao B k(v Kk k+ v k> +k+B )M,
+ o kM, +a M,.

Let My =max [M,, M,]. Then we have lIx_  —x*I?
<[-o+o k’—a B k>+o B k*—o Byk?*+
o By k lx —x*IP+o [Bykk+B v k*+p k?*
kk? +k+1]M,...(2.22)

Nowput ¢ =Ilx —x*IPand § =a +0 k>—0
B k*+oa B k*—a By k*+o By ke Alsolet
=a [Byk'k+B v’k +B k>k+B k> +k+1]1M,

Then (2.22) reduces to: ¢ =(1-38)¢ +0,
observe that 0<§ <1,).8 =cocandc, =0(3).

Therefore by Lemma 2.2 ¢ns0 as n—oo. This
implies that the sequence {x_} converges strongly to
x*. This complete the proof.

Theorem 2.5: Let K be a nonempty closed
bounded convex subset of a Hilbert space H. Suppose
S,T are uniformly continuous self mapping of K and T
is asymptotically demi-contractive on K. Define a
sequence {x } iteratively for arbitrary x € K by:

X, =ax +b Ty +c Sx n=1ly =a'x +b'
Sz +c'v. n=lz=a"x +b"T'x +c"w_ n=1

where {v_} and {w_} are bounded sequence in K
and {a,}.{a,"}.{a,"}.{b,}. {b, }.{b,"L.{e, )¢, ) {c,") are
real sequence in [0,1] satisfying the following condition:

(Da +b +c =a'+b'+c'=a"+b"+c"=
1(2)Lb, =0 (3)limnseb =limns=b ' =limaseb "=
0@a =b +c,B =b'+c', v =b"+c"(5)L
o By =co Then the sequence {x } converges
strongly to the fixed point of T.

Proof: Since T is asymptotically demi-contractive
then F(T) is nonempty. Let x*e F(T). Then from our
hypothesis we have:

ix ,—x*IP=lla x +b T"y +c Sx —x*IP=II(1
-0 ) (x —x¥)+o (T'y —x¥)—c (T"y —Sx_)IPlx_,
= x*IP<(I-a)l(x —x¥)—c (T'y =Sx )I* +a_ll
(Try —x*)—c (Ty, =Sx)IP —a (1-o ) I(T"y,
—x¥) = (x, —x*)IP<(1 -0 )[lIx —x*IP+c*lIT"y —S
x IP]+ao [ITy —x*IP+c Ty —=Sx_IP] =(1-
o) lIx —x*IP+o Ty —x*IP+c 2Ty —Sx_IP= (1
—o ) lix —x*IP+o k*lly —x*IP+o klly =Ty 1P+
o IIT"y —=Sx_IP...(2.23)

Continuity of S,T implies that there exists real
number q,,q,< o such that: lly —T"y I’<q, and IIT"
y,—Sx, IP<q,.Let q,=max[q,,q,]. Then (2.23) yields:
Ix  —x*IP=(1-0o)lx —x*IP+o klly —x*IP+o
kq,+a q,...(2.24)

We also have the following estimates

lly —x*IP =lla'x +b 'Sz +c'v —x*IF =II(1-
B)(x —x¥)+PB (Sz —x*)—c'(Sz-v )IF <(1-B
M —x*)—c'(Sz —Vv ) I? + Bn ISz, —x*)—c '(Sz,
v )P =B (1-B) ISz —x*)—(x —x*)I> <(1-
B)[Ix —x*I? +B %Sz —v IP] +B [IISz —x*IP+ 2
ISz —v_ IP] =(1-B)lIx —x*I* +B ISz —v_ >+
ISz —x* IP...(2.25)

Continuity of S on K implies there exists a real
number ¢, < oo such that:

ISz —x* I <q, and ISz —v_II?<q,. Then from
(2.25) wehave: lly —x*IP <(1-f )lIix —x*I* +2f q,
...(2.26) Situting (2.26) into (2.24) we have

Ix ,, —x*IP =(1—0 )lIx —x*IP+0 k 2[(1-B)lx
-x*IP+2B q,]+o kg, +o g, ...(2.27)

Let g;=max|[q, q,]. Then IIx  —x* P ={(l-a
)+o k21 =B )} IIx —x*IP+2a B k *q.+ 0, kq,+0,
q, ...(2.28) Putting p =lIx —x*I> and§ = o0 +o k *
—-a.f k%o =20 k>q +o kq +0o q; Then(2.28)
reducesto:p = (1-3)p +0,.

Clearly 0 <8 <1, Y8 = and 6, = 0().
Hence by Lemma 2.2 pn—0 as n—oo. This implies that
the sequence {x_} converges strongly to x*. This
complete the proof.

Theorem 2.6: Let K be a nonempty closed
bounded convex subset of a Hilbert space H. Suppose
S, T are uniformly continuous asymptotically demi-
contractive self mapping of K. Define a sequence {x }
iteratively for arbitrary x e Kby:

X =ax +b Ty +c S"x  n=1

n+l nn n n n n
y,=a'x +b'S'z+c'v.  n=1
z=a"X +b"T'x +c"w n=1
n n n n n n n

where {v_} and {w_} are bounded sequence in K
and {a }.{a'}.{a,"}.{b,}. {b,}.{b,"}.{c, }.{¢, }.{c, "} are
real sequence in [0,1] satisfying the following condition:

(Da +b +c =a'+b'+c'=a"+b"+c"=
1(2) L b =co(3)lim —oob =lim —cob ' =lim —cob "
=04 a =b +c B =b'+c', v, =b"+c"G)L
o, By =oo.If S,T have a common fixed point in K then
the sequence{x }converge strongly to the common

=T TarfeaTaE gos saSs=3asT=T
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fixed point of S and T.

Proof: Since S,T are asymptotically demi-
contractive then the fixed point sets F(S) and F(T) are
nonempty. Let p be a common fixed point of S and T.
By our hypothesis and lemma 2.2 we have the following
estimates:

ix  —plP=lla x +b Ty +c S"x —plP=II(1-
o) —-p)+a (Ty —p)—c (T"y =S"x )P < (1-
o)l (x, —p)—c (T"y —S"x) 12 + o II(T"y —p)—c,
(Ty,—S"x) I =0, (1-0,) I(T"y,—p) —(x,~p)
I> Observe that o, (1 - )=0andc’*<oa’ <o
.Therefore expanding the above further yields lIx__ —p
P<(A-o )l (x —p)—c (T"y =S"x )IF +o II(T"y,
-p)—c (T'y =S"x )IP<(1-o ) [lIx —pI* +c>IT"
y,=S"x IP]+a [IT"y —plP+c *IIT"y —S"x ] =(1
—o)lIx —plP+o IIT"y —plP+c Ty —S"x I* <(1
—o)lx —plP+ak?lly —plP+oklly =Ty IP +o
Ty —S"x 1P ...(2.29)

Since S,T are uniformly continuous on the
bounded set K, there exists a positive real number M,
< oo such that

lly =Ty IP< M, and lIT"y —S"x_IP <M,
Therefore (2.29) yields llx  —pIP<(1—a )lix —plP+
ok *lly —pl*+o kM + o M, ...(2.30)We also have
the following estimates, lly —pll* =lla'x + b 'S"z +
c'v—plP=I(1-B)x —p)+B (S'z-p)—c'(Sz
=v )P lly —plP<(1-B)II(x —p)—c '(S"z—v)IP
+B ISz ~p)—c'(S"z—v )I* =B (1-PB)II(S"
z —p)—(x,—p)I*Since B (1P )=0, expanding
further lly —plP<(1-B ) [lix —pl* +B 1Sz —v IF
1+B ISz —plP+B ISz —v IP] =(1-B )Ix —plP
+B 1Sz —plP+B 1Sz —v IP=(1-B )lIx —pl* +
B, k*llz —plP+B kllz —S"z I +B21IS"z —v_IP
...23D

Observe that ¢ '<f3_and S is asymptotically demi-
contractive also continuity of S on K implies that there
exist a positive real number M, < oo such that: llz —S"
z IP<M,and IS*z —v_I*> <M, .Then from (2.31) we
have, lly —plP<(1-B )lix —plF +B k *liz —plP+B
k M, + B M,...(2.32) We also have the following
estimates:

llz —pl> =lla"x +b"T'x +c"w —plPF =1I(1
—Y) (%, =)+, (T'x =p)—c," (T'x —w )P < (I
Y& —p)—c"(T'x —w, ) >+ Y I (Tx —p)—c"
(T"x_—w_) I Expanding further we have llz —pl?<(1

=y)UIx —plP+c " IT'x —w_IP] +y [IT"x —p I+
c"Imx —w IP] =(1=y)lx —plP+y IT"x —plI*+
c"ITx —w IP =(1-y)lIx —plP+y k>lIx —pl+
v klx =T'x I +y IT"x —w_IP

Continuity of T on the bounded set K implies that
there exists a positive real number M, < oo such that: |l
x,—T'x IP<M, and IIT"x —w I <M,.We havellz —
plP<d=y)lIx —plP+y k> lIx —plP+y kM, +7v,
M, ...(2.33)Substituting (2.33) into (2.32) yields,

ly —plP<(1-B)lx —plP+B k>[(1-y)IIx —
pIP+y k?2Ix —pl* +y kM, +y M, ]+B kM,+ B
M=[1-B +Bk>-B vk>+B vk*]lx —pll*+(
B,y k’k+B vk>+B k+ B )M, ...(2.34) where M,
=max [M, ,M, ].Substituting (2.34) into (2.30) we have
Ix  —plP<(d-o)lix —plP+o k> [{1-B +B k>~
B,v.k> +B vk*Hx —plP+(B vk>k+B vk?*+
Bk+B IMI+akM +aM =[1-0 +0 k>~ B
k2+oaBki—oByki+oBykollx —plP+ (o
By Koy B kK +a k)M, ¢
o kM +o M . Let M =max [Ml, M, ] then we have

x , —plP<[l-o +o k>~ B k>+0 B k*—
Bk’ +oBykrlx,—plt+o By k k+By,
k*+B k’k+P kZ+k+1]1M...(2.35)

Now setting

p,=lx —plP(3). 5 =o +o k>~ B k>+0 B
k'-apByk'+aByk’ o=clByk'k+py,
k *+B k *k+B k >+k+ 1] M then (2.36) reduces to:
p,,=(1-8)p, +0, Clearly0<8 <1,}.8 =~ando,
=0(3,). Hence by lemma 2.2 pn0 as n—eo. This implies
that {9 }converges strongly to p the common fixed
point of S and T . This complete the proof.

Theorem 2.7: Let B,K, T and the sequence {x,}be
as define in theorem 2.6 suppose S:K—K is
nonexpansive. Replace the condition (3) on the
parameters replaced with . o, By =co. And suppose
all other condition are satisfied. If S,T have a common
fixed point in K then the sequence {x } converges
strongly to the common fixed point of T and S.

Proof: Since K is uniformly convex and S is
nonexpansive the F(S) is nonempty. Also T is
asymptotically demi-contractive implies that F(T) is
nonempty. Let x* be the common fixed point of S and
T. From our hypothesis and by Lemma 2.1 we have the
following estimates, lIx  —x* 2= lla x +b Ty +c_
S'x —x*IP=I(1-0o ) (x —x¥)+a (T'y —x*)—c (T

162 m

RESEARCH ANALYSIS AND EVALUATION



International Research Journal ISSN-0975-3486

VOL.I*ISSUE—5 RNI: RAJBIL/2009/30097

y,=S"x ) IP<(I - ) lIx —x*IP+ o IIT"y —x*IP +c*
Ty —S"x_ 1> But T is asymptotically demi-
contractive and c’<a’. Therefore IIx  —x*IP <(1-
o) lIx —x* I+ k 2a lly —x*IP + kocnllyn—T“yn II?
+ocn2IIT"yn—S"xnII2 (1 o) lIx —x*IP+k 2o lly —x*
> + ko lly =Ty IP +ao > I(T"y —x*) —(S"x —x*)II?
<(A-o)lx —x*IP+k 2o lly —x*IP + ko lly =Ty
P+ o Ty —x*IP + o2 IS"x —x* I” Since T is
asymptotically demi-contractive and S is nonexpansive
wehave lIx  —x*IP <(1-o )lix —x*IP+k o lly —
¥+ ko lly =Ty IP + o lly —x*1” + o *lly —T"
y IP+o?lix —x* 1P =[1-o (1-0o)]lx —x*IP+o
k>+o )lly —x*IP+a (k+o)ly —Ty I?
..(2.36) Estimate (2.31) is also valid here. Observing
that ¢ < wehave lly —x*I> <(1-f )lIx —x* I+
B, k’llz —x*IF +B kllz —S"z I+ B ISz —v I
..(2.37) Also continuity of S on the bounded set K
implies that there exists a real number
R <o suchthat:lIS"z —v I <R, Substituting
into (2.38) yields lly —x* I <(1-B )llx —x*IP+f k *
lz — x* I + B kllz — S"z I+ B R,
..(2.38) Substituting the equation (2.33) i.e. llz, —x* I1?
S(I=y)lIx —x*IP+y k *lIx —x*IP+y kM, +y M,
( which also holds in this case ) into (2.39) we obtain
lly —x*IP <(1-B)lIx —x*IP+B k> [(1-y )lx —x*
P +y k2lx —x*IP+y kM, +y M]+p klz —S"z_

REFERENCE
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